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ON EXPLICIT BOUNDS FOR THE SOLUTIONS OF A CLASS OF
PARAMETRIZED THUE EQUATIONS OF ARBITRARY DEGREE

CLEMENS HEUBERGER

ABSTRACT. In a recent paper [7] the author considered the family of parametrized Thue equa-

tions
n
Fo(X,Y) = [[(X =pi(@)Y) = Y™ =+1, a€N
i=1
for monic polynomials p1, ..., pn € Z[a] which satisfy

degp; < --- < degpn.

Under some technical hypothesis it could be proved that there is a computable constant ag =
ao(p1, - - -,pn) such that for all integers a > ag the only integer solutions (z, y) of the Diophantine
equation satisfy |y| < 1.

In this paper, we give an explicit expression for ag depending on the polynomials pp, ...,
Pn.

1. INTRODUCTION

A Thue equation is a Diophantine equation
F(X,Y)=m,

where F' € Z[X,Y] is an irreducible form of degree at least 3 and m is a nonzero integer.
A. Thue [18] proved in 1909 that the number of integer solutions is finite. A. Baker [1] could
give an effective upper bound for the solutions. Recent explicit upper bounds are due to Bugeaud
and Gyo6ry [3]. Algorithms for the solution of a single Thue equation have been developed by
Pethé and Schulenberg [11], Tzanakis and de Weger [19], and Bilu and Hanrot [2].

Starting with E. Thomas [16], parametrized families of Thue equations have been considered
(see [9] for further references). In all these cases, an explicit constant ag could be given such that
there are only “trivial” solutions if the parameter is larger than ag.

A further step is the investigation of classes of parametrized families of arbitrary degree such
as

n
(1) Fu(X,Y) = [[(X = pi(@)Y) = Y" = %1

i=1
where p1,...,p, € Z[a] are some polynomials, cf. [6, 8, 10, 7]. In these papers, the existence of
a constant ag in the above sense could be proved. To obtain the constant for a specific family
determined by some specific polynomials pq,...,p, it is necessary to run along the lines of the
proofs and to make all implicit constants in asymptotic arguments explicit.

It is the aim of the present paper to give an explicit expression for ag in the case of monic

polynomials p; with increasing degrees. Thomas [17] conjectured the existence of such a constant,
this conjecture could be proved under certain technical assumptions in [7].

2. MAIN RESULTS

To refer to results in [7] we will use the convention that item I.n means item n in [7].
The following notations and assumptions will be used throughout the paper.
Let n € N, n > 3 and p; € Z[a] be monic polynomials for i = 1,...,n.

This work was supported by Austrian National Bank project nr. 7088.
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Let d; := deg p; (using the convention deg0 := —1), i = 1,...,n, and let the absolute values of

all coefficients of py,...,p, be bounded by P. Furthermore, we assume
(2) di <dy <--- <dp_1 <dp.
Let
(3) ap:=
exp (l.Ol(n +1)(n —1)!(n— 1)" 2 exp(1.04(n — 2)(nd, — n + 3)) ("Z"_J) (2P + 1)”dn> .

With these notations, we can prove the following explicit version of Theorem I.1:
Theorem 1. Let n > 4. Define

(4) ej=(i—1)di+ » d, 1<i<n,
l=i+1
and
i—1
(5) = (2 )i — ds) it —dnry g
€iy1 + dit1 = eiy1 +dip

If ; €N for all 3 <i <n—1, we define for (j,7") € {(1,2),(2,1)}
QF = (ps — ;)™ [T (pr — pa)?*,

k=4
n

Q'_ = (p2 7p1)e1+2d3*d2 (p3 7pjl)2(d3*d2) H(Pk _ pj/)wk_lerg*dg'
J

k=4
If there is a 3 < k < n — 1 such that ¢y, ¢ N or if we have
(6) deg(Q —Q;) > degQj —e1 —do
for (3,7") = (1,2) and for (j,j") = (2,1), then the Diophantine equation (1) only has the solutions
(7) (£1,0) and + (pi(a),1),1<i<n

for all integers a > ay.

As in [7], the case n = 3 has been excluded in the formulation of Theorem 1 in order to avoid any
ambiguities; it is stated explicitely in the following theorem as an explicit version of Theorem I.2:

Theorem 2. Let n =3 and da > 1. Define e1 :=do + d3. For (4,5") € {(1,2),(2,1)} we define
Q7 = (ps —p;) %,

Qf — (pZ _p1)€1+2d3—d2( 2(ds—ds2)
J - :

ps — Dpj’)
If we have
deg(Q7 — Q) > degQj —e1 —do
for (4,7") = (1,2) and for (j,j') = (2,1), then the Diophantine equation (1) only has the solutions
(£1,0) and =+ (pi(a),1),1<i<3
for all integers a > ayg.

Weaker formulations of the technical hypothesis corresponding to Corollary 1.3 can be given as
follows:

Corollary 3. We write
pi(a) = a% + c;a® "t + terms of lower degree, 1=2,...,n.

Let

0 otherwise

5 {1 ifdi—diy =1,
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and

e = Zn:di.
i=2

If 64 =1 or

(8) (6 —ds + 2d3)(62 — 52) + (—6 — 2dy + d3)63 + (dg — dg) ZCZ‘ §é {2(53, —(6 + d3)53},

i=4
then the Diophantine equation (1) only has the solutions (7) for all integers a > ag.

In particular, this implies that if degps = degps + 1, then (1) only has the solutions (7) for
a > ag.
The proof of Corollary 3 is identical to the proof of Corollary 1.3.

3. PRELIMINARIES

While our final result can only be proved for a > ag, intermediate results will hold for smaller
values of a. We collect the corresponding bounds here:

ay = 2P + 2,
ap := 1.8n*(1.1)"P > 21P,
az :=3n"P,

aq == exp(38n"d 2" prin),

Note that a1 < as < asz <aqg <ag forn >3, P>1and d,, > min(2,n — 2) (this last relation is a
consequence of (2)). a will always denote a positive integer.

As an analogue to the usual O-Notation we use an “L-Notation” (borrowed from de Bruijn [4,
Section 1.2]): f(a) = L(g(a)) will mean |f(a)| < g(a), and we will use it in the middle of a
formula in the same way as the O-Notation. For brevity, we will write p; instead of p;(a) in many
situations.

Lemma 4. Ifa>a; and 1 <i# j <mn, then

amax(di adj )

. _n. >
pila) = pifa)] =

which implies
pi(a) — pj(a)| = 1.

Proof. Without loss of generality we may assume i > j. By (2) we get

d;—1
, . , 2P
)~ )] =t 2P 3 b zat (12 2
k=0

which proves the first assertion of the lemma. The second follows since both p;(a) and p;(a) are
integers. O

Checking the proof of Lemma 1.5 using Lemma 4, we obtain
Lemma 5. For a > ay, the solutions (x,y) of (1) with |y| <1 are precisely those listed in (7).

We consider the polynomial f,(X) := F,(X,1) and give asymptotic estimates for its roots
a® .. a similar to Lemma L.6:

Lemma 6. Let a > as. All roots of f, are real and fulfill the estimates

, —1)n— 2.1nP 1.3 1.3
(9) a(l):Pi-f-( azi +L(a€i+1):pi+L<E):pi+L<§)7 i=1,...,n
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Proof. Fix some 1 < i <n. For k = 1,2 we define
—1)n—t 2.1nP
e CU (1 Ca2ior)
asi a

and obtain for j # 4

2P
Qg —Ppj = ade8(Pi=pi) (1) (1 + L ( )) ,

a—1

where 0;; = 0 for ¢ > j and 0y; = 1 for i < j. This implies

n—1
flag1) < (1 - 2.1nP> (1 + 2clzp> -1,

a
2.1nP 2.1P\" !
f(am) Z (1 + 1 ) (1 - ) -1
a a

by (1.14). For 0 < z < 7/(6n2(1.1)") Taylor’s formula yields
(1—n2)(1+2)"' <1,
(1+n2)(1—2)""t>1.

Therefore we get f(a;1) < 0 < f(a;2) which proves that there is a real zero o(?) satisfying (9).
Lemma 4 shows that all roots «(*) which we find using this method are distinct. O

4. ASSOCIATED NUMBER FIELD

By Lemma 4 and [8, Proposition 3], f, is an irreducible polynomial for a > a;. Therefore the
number field K := Q(a) generated by one of the roots a = a(?) of f, has degree n over Q. From
Section 1.4 we recall that this implies that solutions (z,y) € Z? of (1) correspond to units x — ay

in © := Zla]. As in [7], we define units n; := o — p; and the abbreviation lz(.k) := log |n§k)‘ with
k

771( ) = ak) — Pi-
We will need explicit estimates for the lgk) as in Lemma [.8:

Lemma 7. Let 1 <ik <mn, m:=min(i, k), M := max(i, k) and a > as. Then we have

2.6(2P+1))7 .

(k) _ _
(10) li - log(pM pm) + L < a€m+dA4

and in particular

a [ _ {dMloga+L(%) ifi#k,

—eilogaﬁ-L(w) if i = k.

If 1 < L < ey + dar then there are ryrmy € Q, 0 < I < L — 1, which depend only on the
coefficients of the polynomials ps, 1 < s < n, such that

k) _ T M,m,l 1.5(n — 1)(2P + 1)
(12) lz = TM,m,0 loga + ZZ; T +L ( Lak s
(13) ez _
r
Mot lem(1,...,0) ]’
1
(14) ramal < 7 =1DEP+1, 1<i<L-1
Proof. Assume i # k. By definition and by (2) we obtain
(k) _
lgk) = log |n£k)| = log |pk —pi + ok — pk| = log(py — pm) + log |1+ @ - pp_k




PARAMETRIZED THUE EQUATIONS 5

By Lemma 6 and Lemma 4 we get for a > ay

o 13@2P+1)

a®) —py, 1
qemtdm 2°

Pr — Di
Since for |z| < 1/2 we have |log(1 + z)| < 2|z|, this proves (10).

The observation
d 2P
log(par —pm) =log {a™ {1+ L | —

similarly yields (11) for ¢ # k. The case i = k can be reduced to the case i # k because the
relation lz@ == i lj(.i) holds by definition of a(®. This results in the factor (n — 1) in (11).

In order to prove the remaining part of the lemma, we introduce integer coefficients cps m,s,
1 < s < dyy, for i # k such that

dn
CM,m,s
1 — D =1 dar 1 5112,
og(prr — Pm) 0g<a <+; 2 ))
- (_1)t+1 u CM,m,s t
dtoga s 30 U (§ )

t=1 s=1

Defining 7ps,m, to be the coefficient of a~" in this expansion, we obtain

L vert ¢
(15) T"M,m,l = Z ( lt) Z H CM,m,s,+1-

t=1 0<s1,...,8¢<dp—1v=1
s1tetsp=l—t

This immediately proves (13).
Since by definition |cas,m,s| < 2P, we can estimate ras ., by

l
|rM,m,z|§Z%(2P)f oo

t=1 0<5s1,...,5¢
s1+-Fse=l—t

This yields (14) (the factor (n — 1) in (14) is needed for i = k).
Finally, we have to prove the remainder term in (12):

00 [ ©o© l L
| (2P +1) 5 2P +1\' _ LIT@P+ 1)
al Lakt a Lakt
I=L 1=0
Taking into account the remainder term from (10) and the case i = k, we get (12). O
We will show that n;, i = 1,...,n — 1, are “sufficiently close” to fundamental units in O*. To

achieve this aim, we will need some lower bound for the regulator Ry of the number field. We
take an absolute bound of Pohst [13, Satz II]:

Lemma 8 (Pohst). Let K be a totally real number field. Then the regulator Ri satisfies
Ry > 0.315.

We remark that we could choose a bound which depends on the discriminant of the number
field (cf. Pohst [12]). We would gain a logarithmic factor, but the constants would be harder to
deal with (and the final constant ag would not be improved).

In order to estimate determinants involving our asymptotic bounds, we need the following
auxiliary result:
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Lemma 9. Let C and A be n X n matrices with columns c1,...,c, and §1,...,0, respectively.
Let |lc;||, < 0 and ||6;], < eo for 1 < i< n.

If
€ < min [ 0.1 2
min | 0.1, ———
"n(1.1)n )’
then we have

(16) det(C+ A) =det C + L (2no"e)
Proof. We can express the determinant under consideration as
det(c1 4+ 61,...,¢n + 6p) =det(cy, ..., cn) +det(er, ..., cn1,0n)
+det(ery ..oy n2,0n_1,Cn + 0n) + - + det(d1,co + o, ..., cn + Ip).
Using Hadamard’s inequality, we obtain

det(C + A) =det C + L(e0") + L (eo™(1+¢€)) + -+ L (c0"(1 +e)" ")

=detC+ L (&:gn(l—ﬂsg)_l> .

For the given range of e, this implies (16). O

In our applications of Lemma 9 it will be convenient to refer to the following lemma:
Lemma 10. Let a > ag, 1 < k < n and {i1,...,in—1} be a subset of {1,...,n} of cardinality

n—1. Then
(k)
H (ll )7;:7;17--477;n71

Proof. This is a consequence of (11) and (2). O

< nd, loga.
2

We now have collected all tools to prove the following analogue of Lemma 1.9:

Lemma 11. Let {iy,...,in,—1} be a subset of {1,...,n} of cardinality n — 1 and
G = <_1777i1?"'777in—1> QDX

Define
—€1 d2 d3 P dn—l
do —ea d3s ... dp_1
D = |det dg d3 —es3 . dn—l
dp—1 dpo1 dp—1 ... —ep—1

Then the regulator Rg can be estimated by

1 n—2
(17) Rg=Dlog" 'a+L (8.4n”dﬁ_2Pu>
a
if a > ay. For a > az we conclude that
1
(18) EDlog”_1 a < Rg < ngog"_1 a.

For a > a3 the index [D* : G| is bounded by
(19) [O*:G] <4.8Dlog" ' a.

Proof. Assume first i1 = 1,...,4,_1 = n — 1. Equation (11), Lemma 9 and Lemma 10 imply
4.2P
Rc=Dlog" ta+L(2(n—-1)(nd,loga)” '——— |,
6 = Dlog" Tat L (20 = nd loga 20 )
and we obtain (17).
Gershgorin’s circle theorem [5] shows that D > d”~!, which leads to (18) for a > as.
For arbitrary iy, .. .,in_1, the result follows from 1§ = — Z;ll l,iz).
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Equation (19) is a consequence of Pohst and Zassenhaus [14, p. 361], Lemma 8, and (18):

Rg Rg Rg 1
=2 < < < 4.8Dlog" .
Ro ~ Ro, — 0315 = e

I=[9":@|

5. APPROXIMATION PROPERTIES OF SOLUTIONS

For a solution (x,y) € Z? of (1) we define 3 := z — ay. We say that (x,y) is a solution of type
jif
’lg(j)}

The standard machinery for Thue equations yields

= i .

.....

Lemma 12. For a > Pay the estimates

; 1 1
7 n—1 n—1 L
(20) ‘ﬁ ‘ S 2 (2P + 2) |y|’n71 ati ’
i i 2P 4+ 2)™ .
(21) log|ﬁ()‘:log|y|+l§,)—|—L((a€dez)), 1 7,
hold.

Proof. Since [y||a®) — o] < 2|, we obtain
1 2n—1
3 é n—1 . N
Lz 189 = " iy [0 — )

Estimating [a(?) — ()| by (9) and Lemma 4 results in (20).

‘ﬁ(j)| _

Since
Bl 1z Gy . , al) — p, 36)
=|-—a +a3)—p’+p-—a(’):‘a(z)—p»’~1+ L 4 — |,
y y T ! pj — o y(p; —al)
estimate (21) follows from Lemma 6 and (20). O

The main task is to exclude solutions with |y| > 1 but |y| not very large. To this aim, we prove
the following analogue to Proposition 1.10:

Proposition 13. Let (z,y) € Z* be a solution of (1) with |y| > 2 and a > ag. Then
0.05 a
1.2nPnn=2d2""% log" %a’

Proof. Since ( is a unit by (I.16), Lemma 11 yields

(22) log |y| >

I _ Uj Uiy
(23) B=En" o
where {i1,...,i,_1} is a subset of {1,...,n} of cardinality n — 1, which will be chosen depending
on the case j of the solution, u;,,...,u;, _, are integers and I can be bounded by (19).

Taking logarithms of the conjugates h € {1,...,n}\ {j} of (23), we get a system of linear
equations for the w;, /I:

Wiy

R)| _ (h) Wip, 1 4(h) .
log || = Tl et T A
Cramer’s rule yields

(1) (1) (1) (1)
. Ly oo L), log|pM 0 )

R =1 . : : : . :

e m ' W m |

LYoo LY og|g™|opt o Y

where the j-th row is omitted and R denotes the determinant of the system matrix, which is (up
to a sign) the regulator R¢ estimated in Lemma 11.
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Applying (21) and Lemma 10 we obtain for a > Pay

Uj n mnm—2, n— logn_2a

24) e My gyl + 8yt I (2P + 2yt 2,
where A, =+11if j & {i1,...,0k—1,%+1,---,%n—1} and 0 else and

i SR T i

21 e Th—1 [ S Tn—1

Mji, = ¢ . : : : N
(n) (n) (n) (n)
Lo 1 lik+1 v

where the j-th row is omitted.

Using the information on ll(k) contained in Lemma 7, we obtain the following lemma which will

be proved at the end of this section.

Lemma 14. Ifa > Pay and 2 < L < eq + da, then there are G0 € Q for0 <1 <L —1 and
0< X<n-—2 such that

L—-1 n—2 log)\ a
(25) M;,; = Z Z Gj,i,l,AT

=0 A=max(0,n—2—1)

n . n—3
%.L(024n"2d2%2P#1ﬂ’(7> L(”’FL 3>ol1ﬁh¥;La)

6 n—3
(26)  Gjign-2=0 ifl>1

27)  [Gjiaal < (n=Dln—1)"2d) (2P + 1) (n ; 2> <n ij\ 1— 3)

and if G0 # 0 then

(28) 1G] > exp(=1.04- (n—=2=X)(A+1—n+3)).

L2 =1,

R FETY
and (i1,...,ip—1) = (1,2,4,...,n). We choose v; := (d2 — d3)(u; — I) + (ds + e1)u;s and by (24)
we get

If j € {1,2}, we set

Uy n jn— n— 1Ogn_2 a
(29) RTJ = M;logly| + L ((n +1)d, (2P + 2)"d! *n S/ZW) ,
where
(dy —d5)(1S) =19 + (ds +e) (@Y =19y @ =) @ 1))
M; = : : :
(do — d3) (1 —197) + (ds +en) (1§ =190y @ —1§) oo —15))
by (I.28).

Equation (11) yields

. . 12.6 - Pnd,,
@—@wﬁ—@U+%+QWQ—WU:LC__£_>

J J a
84-P
l,(j)_g,gﬂ:L( - ) 4<k<n
By Hadamard’s inequality we obtain
log" 2 a

(30) M; <7.5(1.2)"Pn"2d2" > —=——



PARAMETRIZED THUE EQUATIONS 9
If 3 < j <n, we choose (i1,...,in—1) = (1,3,...,n) and v; := u1. By (24), we get (29) for this
case, too, where by (1.25)

o V-1 P
SR A 1

M; = : : . : ’
rm
where the j-th row is omitted. Since by (11) we have
4-P
D> L(8), 3<k<n,
a

(30) holds in this case also.
For all j there is an expansion

e1+do—1 n—2

A
Mj= Y ) ijlvxlqz—za

=0 A=max(0,n—2-1)

n o n—3
+L <0.32n“d21(2p + 1)t (Z) <”(d” + 1?2 3) (n—1yie_a “)

6 n — ael+d2

for some rationals G » independent of a by Lemma 14.

In [7] we proved (I.24) assuming the technical hypothesis of Theorems 1 and 2. Therefore, there
are some 1 <[ <e; +dy—1 and some 0 < X\ <n—3 — we remark that A = n — 2 would imply
I = 0 by (26), which is impossible by (30) — such that G, ;x # 0. We choose (lp, o) such that
Gj,loJ\o 7é 0, but Gj,ly)\ = 0 for all (71,)\) Zlez (710,)\0).

By (29), (28), (27) and (25) (for L =l + 1), log|y| > log 2, we obtain

) log™0
‘RUTJ = Oizo ¢ log 2 <exp(—1.04(n —2=X)(Xo +1lop —n+3))
ot n—2\( lp—1
— Z (n+ 1)dy(n —1)!(n — 1)""2dN (2P + 1)l ( ) ( 0 ) log* ™ q
i A n—A—3

\" dp — log"?
—0.24(n + )"~ Ld"~L(2P + 1)"d (6) ("*” s 3>(n—1)!M
n — a

1 log" 2 a
— )d, (2P + 2)*d" 2322~
1Og2(71+ )dn (2P +2)"d; " n P

For a > a4, we get log'®%%"" ¢ < a. The above expression is minimal for maximal [, which we

estimate by ly < nd,. We note that

n—2 nd, — 1 < nd, — 1
A n—XA-3) "\ n-3)
For a > ag, this implies |Rv;/I| > 0, i. e. |v;| > 0, which yields |v,| > 1.

Together with (29) and Lemma 11 this implies

R log" ™2
|M; log ly|| > M Josl = (4 Do (2P + 2)"d 02 2E D > 0314,

Using (30) we finally obtain (22). O

Proof of Lemma 14. By definition we get

M, = > sen(o) [T 47,

0€Sj,i teTj iy
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where
T = {01, lh—1s kg 1551}
Siin i={0:Tj;, U{in} = {1,...,5 — 1,7+ 1,...,n} bijection}.
From (12) and (14), we obtain

L-1
H 100 = H (rM,m70 loga + ; Tzv;,lm,l>

(31) t€T) iy, teTy iy,
L L5n"2dr—3(2P + 1)k ' log" 2 a ’
L al

where M and m are shortcuts for max(t,o(t)) and min(t, o(t)), respectively.
Expanding the product in (31) results in

L—1 , (n—2)(L—-1) 1 n—2
M,m,l ~
(32) H (TM,m,O loga + Z a—lm> = Z E (Z logA an7i7l7A,o'> 5
tGTj,ik =1 =0 A=0

where C;’j’i’l’&g € Q. We remark that if we do not take a term 75,0 log a — which occurs n—2—A
times — we have to take at least a factor 1/a, which shows that

(33) Gjﬂ',l’)\,g =0for \+l<n—2.

Similarly we note that if A =n — 2 then [ = 0, which proves (26).

We estimate the denominator of G ;1 x,». By (32) and (33), it is the product of n —2— A terms
TM,m,i, With Y, l; = [, which implies that for each ¢ we have l; <1 — (n —3 — X). Therefore (13)
yields
(34) denominator(Gy 1 x0) < lem(1,..., 1+ X — (n—3))" 27

Rosser and Schoenfeld [15, Theorem 12] prove for k € N

loglem(1,...,k) < 1.04k.

Together with (34) this leads to

denominator(G, i a0) <exp(1.04-(I+A—n+3)(n—2— X)),

and (28) is proved.
Now, we consider upper bounds for G;;;x: From (32), (11), and (14) we get

n—2—AX
~ n—2 A ’
L e G [CE TS D (0 - )P+ 1))
1<li,olp—2-x u=1
Lt o =l
-2 -1
< (n— 12> o n
(35) <o-aern ("), 50):

which leads to (27).
We still have to prove the remainder term in (25). Using (26) and (35) we obtain

(n—2)(L—1) 1 n—2 ~
> (S

=L A=0

log" % a s s 2P+ 1\ P =R -2\ -1
<=2 Z(m-1)"2dn32P+1
-  ab (n—=)"d, 2P +1) Z a Z A n—A—3

logn_sa ne2 m—3 L > 2P +1 =L n+1l-—3
== — (-2 BeP+ )Y o)
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To estimate this sum, we note that for 0 < z < 1 and integers u, v Cauchy’s remainder form for
Taylor’s theorem used for F(z) = (1 — 2)~ @+ yields

Zzl(u+v+l> < u<u+v)(1 — z)"(+2),
v u

1=0
We conclude that
(n=2)(L-1) | /n=2 ~
Z P Z log* aGijix0
=L A=0
< (g)n 1 (2P + 1)E(n — 1)" 24" 3L . (” Z f N 3) : bg:¥
and combine it with the remainder term from (31) so that we get (25). O

6. LARGE SOLUTIONS

We will now exclude “large solutions” using an explicit bound due to Bugeaud and Gyéry [3]:

Theorem 15 (Bugeaud-Gydry [3]). Let F € Z[X,Y] be a homogeneous irreducible polynomial of
degree n > 3 and 0 #m € Z. Let B > max{|m|,e}, a be a zero of F(X,1), K :=Q(«), R := Rk
the regulator and v the unit rank of K. Let H > 3 be an upper bound for the absolute values of
the coefficients of F.
Then all solutions (z,y) € Z* of
F(z,y)=m
satisfy
max{|z|, |y|} < exp(C’ - R-max{log R,1} - (R+ log(HB))),

where
C = C(TL 7,) — 3r+27(7, + 1)7r+19n2n+6r+14'
In our situation, we have B = ¢, Rx < Ry < Rg < %Dlog”fla by (18), r = n — 1. After
some calculations, we get
H < 1.01a"™"

for a > ag. We obtain
log |y| < 5.78 - 1012 . 3"l H1942n=2159?"~2 4 Jog log a.
By (22), we get
a <1.16-10™ - (3.6)"d = "p18 17 Plog®™~® g log log a.

This leads to a contradiction to a > ag, which proves Theorems 1 and 2.
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